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Abstract
Hydrological models of karst aquifers are often semi-distributed, and
physical processes such as infiltration and spring discharge generation are
described in a lumped way. Several works have previously addressed the
problems associated with the calibration of such models, highlighting in par-
ticular the issue of model parameter estimation and model equifinality. In
this work, we investigate the problem of model calibration using the active
subspace method, a novel tool for model parameter dimension reduction. We
apply the method to a newly proposed hydrological model for karst aquifers,
LuKARS (Land use change modeling in KARSt systems), to investigate if
the active subspace framework identifies catchment-specific characteristics
or if the results only depend on the chosen model structure. Therefore, we
consider four different case studies, three synthetic and one real case (Ker-
schbaum springshed in Waidhofen a.d. Ybbs, Austria), with varying hydro-
tope distributions and properties. We find that both the hydrotope area cov-
erage and the catchment characteristics (here: water storage and discharge
properties of the hydrotopes) have major impacts on parameter sensitivities.
While model parameters are similarly informed in scenarios with less varying
catchment characteristics, we find significant differences in parameter sensi-
tivities when the applied hydrotopes were different from each other. Our
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results show that the active subspace method can be used to investigate the
relation between the model structure, the area of a hydrotope, the physical
properties of a catchment and the discharge data. Finally, we successfully
effectively reduce the parameter dimensions of the LuKARS model for the
Kerschbaum case study using the active subspace method. The model with
reduced parameter dimensions is able to reproduce the observed impacts of
land use changes in the Kerschbaum springshed, highlighting the robustness
of the hydrotope-based modeling approach of LuKARS and its applicability
for land use change impact studies in karstic systems.
Keywords: Rainfall-discharge modeling, Karst hydrology, Sensitivity
analysis, Acitve subspaces, Land use change
1. Introduction
Hydrological models are commonly applied to investigate hydrological
processes (Fleury et al., 2007) and the hydrological impacts of lan use changes
in defined catchments (Sarrazin et al., 2018). Distributed hydrologic mod-
els are the preferred tools for these purposes as they can provide reasonable
physical representations of hydrological properties and processes (Henson
et al., 2018; Chen et al., 2018). Those models require detailed information
about surface and subsurface properties of an area of interest. However, in
the particular case of karst aquifers, that information often cannot be ob-
tained due to the highly complex and heterogeneous subsurface structure of
karstic systems (Ladouche et al., 2014; Jukic´ and Denic´-Jukic´, 2009). This
considerable lack of spatially distributed information about subsurface flow
in karst systems makes conceptual rainfall-discharge models suitable tools to
predict karst spring discharge, since they allow to drastically simplify the de-
scription of the functioning of the subsurface system (Hosseini et al., 2017).
However, finding an acceptable model representation is not trivial since it is
difficult to constrain the model parameter range according to field observa-
tions and measurements. The general trade-off is two-fold. Firstly, a severe
simplification of a complex karst system may lead to an underrepresentation
of dominant processes, such as groundwater recharge, conduit flow and land
use dependent infiltration on karst systems. Disregarding these processes also
means that the model cannot be used for some hydrological investigations,
such as the effect of land use change on spring water discharge. However,
a low-dimensional parameter space, i.e. 4 to 6 parameters (Jakeman and
2
Hornberger, 1993), can reduce parameter uncertainties and model equifinal-
ity (Hartmann et al., 2017). Secondly, considering more complexity in the
modeling framework can improve the conceptual representation of the re-
garded karst system (Hartmann, 2018). However, the parameters of a more
complex lumped model often cannot be adequately calibrated since they
may not be sufficiently informed by the measured discharge data (Hartmann
et al., 2014). We call a model parameter informed if the objective function
measuring deviation from observed data is sensitive to it.
Therefore, the sensitivity and the identification of the parameters which
are informed by the observations used for model calibration is a primary con-
cern for the community dealing with karst modeling. Different approaches
were recently proposed to reduce model structure and parameter uncertain-
ties for rainfall-discharge models applied in karst hydrology. Hartmann et al.
(2013a) developed an evaluation strategy to identify the most valid model
structure while finding a balance between model structure, parameter iden-
tification and model performance for a karst system of interest. Moreover,
Hartmann et al. (2017) presented an approach to consider hydrochemical
data to constrain parameter ranges of the VarKarst model (Hartmann et al.,
2013b). Further multi-objective calibration frameworks were proposed by
Moussu et al. (2011), Mazzilli et al. (2013) and Mudarra et al. (2019), us-
ing the autocorrelation of the discharge, ground-based gravity measurements
and dye tracer concentrations to better constrain model outputs. However,
the high dimensionality of the parameter space remains a challenge for karst
hydrologic models, since it is difficult to quantify how and which model pa-
rameters are informed by the measurements used to calibrate the model.
A pertinent example of a model with a high-dimensional parameter space
is the LuKARS (Land use change modeling in KARSt systems) model that
was recently proposed by Bittner et al. (2018) to simulate the hydrological
impacts of land use changes in a karst aquifer. The LuKARS model is based
on the implementation of hydrotopes, which are distinct landscape units
characterized by homogeneous hydrological properties as a result of similar
land use and soil types (Koeck and Hochbichler, 2012; Arnold et al., 1998).
Each hydrotope in LuKARS has 7 calibration parameters. For one scenario,
Bittner et al. (2018) set up the LuKARS model for the Kerschbaum spring
recharge area in Waidhofen a.d. Ybbs (Austria) including four hydrotopes.
This high-dimensional parameter space makes the model prone to structural
and parameter uncertainties. A suitable approach is therefore needed to per-
form a global sensitivity analysis of the full parameter space. Moreover, it is
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worth investigating if it is possible to reduce the dimension of the parame-
ter space, i.e. to identify a limited number of parameters that are sufficient
for calibrating the model. A recently developed method, called the active
subspace method (Constantine et al., 2014), when applied to inverse prob-
lems identifies directions in parameter space that are most informed by data.
These parameter directions contain valuable information about parameter
sensitivities and how model parameters are related to each other for a given
objective function. So far, the active subspace method was used in different
research studies, mostly applied to model reduction contexts (Constantine
et al., 2015; Teixeira Parente et al., 2018; Jefferson et al., 2015). Teixeira Par-
ente et al. (2019) provide a detailed overview of the mathematical details of
the active subspace method as applied to a lumped karst aquifer model.
In this work, in contrast, we present how the active subspace method can
be used to gain a better understanding of model functioning and which hydro-
logical implications may be derived from these results. In particular, we want
to investigate if the results of the active subspace method only depend on the
model structure or also on the specific discharge behavior of the hydrotopes in
a catchment. We perform active subspace analysis on the recently proposed
hydrotope-based LuKARS model (Bittner et al., 2018) for three synthetic
scenarios and the Kerschbaum spring case study considering in each case a
21-dimensional parameter space. Our particular research objectives are (i) to
investigate different synthetic hydrotope scenarios to derive how hydrotope
modifications and varying areas covered by each hydrotope affect the results
of the dimension reduction stategry, (ii) to investigate which and how the
hydrotope parameters of the LuKARS model for the Kerschbaum spring are
informed by discharge data, and (iii) to discuss the hydrological implications
of the relationship between hydrotope parameters and karst spring discharge
data under varying catchment conditions.
2. Methods
2.1. LuKARS model
The general idea of the LuKARS modeling approach is to perform land
use change impact studies in a karstic environment by implementing the
model in areas with homogeneous infiltration conditions as distinct hydro-
logical response units called hydrotopes (Bittner et al., 2018). A hydrotope i
represents a bucket that has three discharge components: the quickflow com-
ponent (conduit flow, Qhyd,i [L
3T−1]), a secondary spring discharge (Qsec,i
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[L3T−1]) and the recharge (Qis,i [L3T−1]). Qhyd,i is considered a hydrotope-
specific quickflow component occurring in preferential flow paths (e.g. sub-
surface conduits). The quickflow bypasses the baseflow storage B and is di-
rectly transferred to the spring outlet. The quickflow starts once a hydrotope-
specific storage threshold (Emax,i) has been reached and is responsible for the
fast reaction of a spring discharge to rainfall and snowmelt events. Qsec,i inte-
grates all flow components that do not arrive at the investigated karst spring
and that are transferred outside the regarded recharge area, i.e. secondary
spring discharge and overland flow (Tritz et al., 2011). Qis,i represents the
discharge from hydrotope i to the underlying baseflow storage B, represent-
ing the process of groundwater recharge.
LuKARS solves the following discrete balance equations for each time
step n:
Ei,n+1 = max[0, Ei,n + (Si,n − Qhyd,i,n +Qsec,i,n +Qis,i,n
ai
) ∆t] (1)
is the balance equation solved for each hydrotope, where Ei indicates the
water level [L] in hydrotope i. Si is the hydrotope-specific sink and source
term as a mass balance of precipitation, snow melt, evapotranspiration and
interception. Interception is calculated using estimates provided by DVWK
(1996). A simple temperature index model (Martinec, 1960) is used to model
snow melt and snow retention in the model. Then, evapotranspiration is
considered using the method proposed by Thornthwaite (1948). The absolute
area covered by a respective hydrotope is given by ai [L
2].
Eb,n+1 = max[0, Eb,n + (
Σ(Qis,i,n)−Qb,n
A
) ∆t] (2)
is the balance equation for the baseflow storage B, where Eb indicates the
water level [L] in the baseflow storage and Σ(Qis,i) [L
3T−1] are the cumula-
tive flows from all hydrotopes to the baseflow storage. Qb [L
3T−1] represents
water that is transferred from the storage B to the spring and simulates
a baseflow contribution from the phreatic aquifer system to the spring dis-
charge. The variable A [L2] stands for the entire recharge area.
The discharge terms are computed as follows:
Qhyd,i,n = ai
khyd,i
lhyd,i
εn[
max(0, Ei,n − Emin,i)
Emax,i − Emin,i ]
αi (3)
Qsec,i,n = ai ksec,i max(0, Ei,n − Esec,i) (4)
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Qis,i,n = ai kis,iEi,n (5)
Qb,n = AkbEb,n (6)
Emax,i [L] and Emin,i [L] represent the upper and lower storage thresholds
of the hydrotope i. Esec,i [L] is the hydrotope-specific activation level for a
secondary spring discharge. ksec,i [LT
−1], kis,i [LT−1] and kb [LT−1] are the
specific discharge parameters for Qsec,i [L
3T−1], Qis,i [L3T−1] and Qb [L3T−1],
respectively. khyd,i [L
2T−1] represents the specific discharge parameter for the
quickflow of a hydrotope and lhyd,i [L] is the mean distance of hydrotope i
to the adjacent spring, thus accounting for the relative location of the same
hydrotope types in a specific recharge area. The ratio between khyd,i and
lhyd,i represents the hydrotope discharge coefficient and αi is a hydrotope-
specific exponent of the quickflow. The dimensionless connectivity/activation
indicator ε is defined as follows:
εn+1 = 0 if
{
εn = 0 & Ei,n+1 < Emax,i or
εn = 1 & Ei,n+1 ≤ Emin,i
(7)
εn+1 = 1 if
{
εn = 0 & Ei,n+1 ≥ Emax,i or
εn = 1 & Ei,n+1 > Emin,i
(8)
The hydrotope implementation is based on the classification of similar
soil and land use areas within a catchment and most parameters in LuKARS
cannot be directly obtained by field measurements. It is important to note,
that the conceptual character of LuKARS and the large number of calibra-
tion parameters make this approach prone to uncertainties. A more de-
tailed description for how these processes were considered in the framework
of LuKARS is provided in Bittner et al. (2018).
2.2. Physical relationship between hydrotopes and their parameters
A typical setup of LuKARS for a defined recharge area includes differ-
ent hydrotopes. Each hydrotope is said to show characteristic hydrological
responses to precipitation events determined by its soil and land use prop-
erties. To what extent one particular hydrotope response contributes to
the total catchment response depends on the area covered by a considered
6
hydrotope in a defined recharge area. On the one hand, hydrotopes hav-
ing coarse-grained and shallow soils should have a high contribution to the
quickflow and groundwater recharge (having a high connectivity to fractures
and conduits). Moreover, the possibility that these hydrotopes become may
dry after a long period without any precipitation should be allowed. On the
other hand, the parametrization of hydrotopes with more fine-textured and
deep soils should allow to show slow and minor contributions to the quickflow
and the groundwater recharge but be able to store a certain water volume.
This means, that a given parameter set of a hydrotope with a small storage
volume (e.g. a shallow, coarse-grained soil) needs to be interpreted in rela-
tion to the parameters applied to a second hydrotope with a higher storage
volume (e.g. a thicker, more fine-grained soil). These physical constraints
have to be met to accept a set of hydrotope parameters in LuKARS.
2.3. Identification of the parameters informed during inverse modeling
To identify the most dominant parameters which are informed by the
data used for model calibration, we exploit the active subspace method, a
recently developed method for dimension reduction (Constantine and Gleich,
2014; Constantine, 2015; Constantine et al., 2014). The method identifies
important directions in a parameter space, i. e., directions that, on average,
dominantly change a given function of interest f . Using these directions,
it can also provide global sensitivity metrics for the parameters which is
explained below. Recently, active subspaces have been used to reduce the
dimension of parameter spaces in high-dimensional Bayesian inverse problems
(Constantine et al., 2016; Cortesi et al., 2017; Teixeira Parente et al., 2018,
2019).
In the following, we summarize the basic theory of active subspaces for
finding dominant directions in a parameter inference problem. We consider
the situation in which d represents the observed time series data that we
aim at modeling (e.g. spring discharge in our case). The map G represents
our forward LuKARS model with a given set of input parameters. The
definition of the calibration parameters is provided in Section 3.2. We assume
η ∼ N (0,Γ) is zero-centered Gaussian noise with covariance matrix Γ, such
that:
d = G(x) + η. (9)
The function of interest f , for which we want to identify dominant di-
rections, is a corresponding data misfit function, denoted by fd, from the
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context of Bayesian inverse problems Stuart (2010), i. e.,
fd(x) :=
1
2
‖d− G(x)‖2Γ :=
1
2
‖Γ−1/2 (d− G(x)) ‖22. (10)
To identify important directions of f = fd, one looks at eigenpairs of the
symmetric positive semi-definite n× n matrix
C :=
∫
∇f(x)∇f(x)>ρ(x) dx = WΛW>, (11)
where ρ is a given probability density function, and f is assumed to be
continuous and differentiable on the support of ρ, additionally having square-
integrable derivatives with respect to ρ. The matrix W = [w1, . . . ,wn]
contains the eigenvectors wi of C, and the matrix Λ = diag(λ1, . . . , λn) is a
diagonal matrix with the eigenvalues on the diagonal. The eigenvalues of C
provide information about the average sensitivity of f in the direction of the
corresponding eigenvector, since it holds that
λi = w
>
i Cwi =
∫
(w>i ∇f(x))2ρ(x) dx. (12)
If the eigenvalues decay quickly, there are directions in the space of unknown
parameters where f varies much more, on average, than other directions, i.e.
these directions are significantly more informed by the data. The span of
the eigenvectors associated with significant eigenvalues is called the active
subspace. If an active subspace is identified, it can be used to effectively
reduce the dimension of the parameter space for inversion, potentially greatly
reducing the computational cost. Simultaneously, not all directions are well-
informed by the data, so new data, to which parameters contributing to these
directions are sensitive, would be needed to improve the estimation of the
remaining parameters.
In practice, C can be approximated by a finite Monte Carlo sum, i. e.
C ≈ 1
N
N∑
j=1
∇f(xj)∇f(xj)> = W˜ Λ˜W˜> (13)
for N ∈ N and samples xj distributed according to ρ. The matrices W˜ =
[w˜1, . . . , w˜n] and Λ˜ = diag(λ˜1, . . . , λ˜n) denote perturbations to their exact
counterpart from Eq. 11. A relatively small number of gradient samples (in
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our case about 250) is required to calculate a sufficiently accurate approxima-
tion of the eigenvectors and eigenvalues of C (see Constantine et al. (2015)).
Gradients can be calculated by using methods such as adjoint approaches, fi-
nite differences, and radial basis functions (see e. g., Plessix (2006), Mai-Duy
and Tran-Cong (2003)).
The approximated eigenpairs (w˜i, λ˜i) can be used to compute global sen-
sitivity metrics (Constantine and Diaz, 2017) comparable with more familiar
metrics like Sobol indices (Sobol, 2001). The components of the vector s
consisting of the sensitivity values are defined as
si =
n∑
j=1
λj(wj)
2
i , i = 1, . . . , n. (14)
More compactly, we can write
s = (W ◦W )λ, (15)
where ◦ denotes elementwise multiplication and λ = (λ1, . . . , λn) is the vector
of eigenvalues.
3. Application
Our case study is the Kerschbaum karst springshed located 10km south
of Waidhofen a.d. Ybbs (Austria) (Fig. 1a). On a regional scale, this pre-
alpine catchment is part of the eastern foothills of the Northern Calcareous
Alps with altitudes ranging between 415m and 969m a.s.l. The area is fur-
ther characterized by a warm-moderate regional climate with a mean annual
temperature of 8◦C and a mean annual precipitation of 1379mm. The annual
distribution of the precipitation is bimodal with maxima during the summer
(June and July) and winter periods (December and January), being indica-
tive for the relevance of rainfall and snowfall-related processes in the study
area (Bittner et al., 2018).
Several spring outlets exist in the study area of which some are used for
the local water supply of the community of Waidhofen a.d. Ybbs. Here,
the Kerschbaum spring represents the most important one with a mean an-
nual discharge of 34ls-1. Prior hydrogeological investigations revealed that
the Kerschbaum spring is fed by the karst aquifer of the dolomitic bedrock
(Hacker, 2003), which is part of the Triassic Main Dolomite strata of the
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Northern Calcareous Alps. The small-scale recharge area comprises a sur-
face area of 2.5km2 and is predominantly covered by beech forests. A more
detailed description of the study area can be found in Bittner et al. (2018)
and Narany et al. (2019).
Figure 1: Overview of the study area Waidhofen a.d. Ybbs (Austria) and the concep-
tualization of the Kerschbaum spring recharge area. (a) The location and the boundary
of the Kerschbaum spring recharge area in the study area. The orthophoto shows that
the predominant landcover is forest. (b) Pseudo-3-dimensional view on the topography of
the Kerschbaum recharge area including the hydrotope classification according to Koeck
and Hochbichler (2012). (c) Conceptual model of the recharge area as implemented in
LuKARS, considering each hydrotope as a distinct storage unit. The different sizes of the
tanks show the different storage capacities of the respective hydrotopes (not to scale).
3.1. Hydrotope scenarios
We develop three synthetic hydrotope scenarios for which we investigate
the interdependencies between the calibration parameters of a hydrotope and
the observed spring discharge. These synthetic scenarios are based on the
properties of the hydrotopes present in the Kerschbaum springshed (Fig. 1b).
For this reason, we first provide a description of the Kerschbaum hydrotopes
(real case) before we introduce the synthetic scenarios in this section. The
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conceptual implementation of the hydrotopes into LuKARS is illustrated for
the real case in Fig. 1c). The input time series (precipitation and tempera-
ture) along with the measured and synthetic discharge time series are shown
in Fig. 2a) and b), respectively.
3.1.1. Real case
Following the hydrotope classification performed by Koeck and Hochbich-
ler (2012), four major hydrotopes are present in the Kerschbaum spring
recharge area. During the investigated period of this research study (2006-
2008), about 4% of the recharge area were used for dolomite mining activities,
represented by hydrotope Hyd Q in Fig. 1b). This space increased to about
7% after the year 2009. Three more hydrotopes were classified in the recharge
area, which are Hydrotope 1 (denoted by Hyd 1), Hydrotope 2 (denoted by
Hyd 2) and Hydrotope 3 (denoted by Hyd 3) (shown in Fig. 1b). Originally,
the hydrotopes are named after their dominant land cover according to Koeck
and Hochbichler (2012). Hyd 1 (Bluegrass-Beech Forest hydrotope) is charac-
terized by shallow and coarse-grained soils, being indicative for a low storage
capacity and covers 13% of the Kerschbaum recharge area. Hyd 2 (White
Sedge-Beech Forest hydrotope) covers 56% of the considered reacharge area
and has more fine-grained soils with moderate thicknesses. Finally, Hyd 3
(Christmas Rose-Beech Forest hydrotope) represents the second largest hy-
drotope with 27% of the coverage and is dominated by mostly loam textured
soils with more elevated thicknesses and has the highest storage capacity as
compared to Hyd 1 and Hyd 2.
According to the general parameter relationships of LuKARS described in
2.2, the following physical parameter constraints count for the Kerschbaum
spring model:
khyd,1 ≥ khyd,2 ≥ khyd,3,
Emin,1 ≤ Emin,2 ≤ Emin,3,
Emax,1 ≤ Emax,2 ≤ Emax,3,
α1 ≥ α2 ≥ α3,
kis,1 ≥ kis,2 ≥ kis,3,
ksec,1 ≥ ksec,2 ≥ ksec,3,
Esec,1 ≤ Esec,2 ≤ Esec,3.
(16)
Based on our experiences made during the intensive manual calibration pro-
cedure performed in the framework by Bittner et al. (2018), we were able to
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define reasonable parameter ranges of each model parameter and each hy-
drotope. Those parameter ranges are used as prior intervals for the active
subspace framework in the presented research and are shown in Table 1.
Table 1: Overview of the model parameters, their physical units and descriptions as well
as the lower bound (lb) and upper bound (ub) of the prior intervals used for the active
subspace method.
Parameter unit description lb ub
khyd,1 [L
2T−1] discharge parameter for Qhyd,1 9 900
Emin,1 [L] min storage capacity Hyd 1 10 50
Emax,1 [L] max storage capacity Hyd 1 15 75
α1 [-] quickflow exponent of Hyd 1 0.7 1.6
kis,1 [LT
−1] discharge parameter for Qis,1 0.002 0.2
ksec,1 [LT
−1] discharge parameter for Qsec,1 0.0095 0.95
Esec,1 [L] activation level for Qsec,1 25 70
khyd,2 [L
2T−1] discharge parameter for Qhyd,2 8.5 850
Emin,2 [L] min storage capacity Hyd 2 40 80
Emax,2 [L] max storage capacity Hyd 2 80 160
α2 [-] quickflow exponent of Hyd 2 0.5 1.3
kis,2 [LT
−1] discharge parameter for Qis,2 0.00055 0.055
ksec,2 [LT
−1] discharge parameter for Qsec,2 0.0023 0.23
Esec,2 [L] activation level for Qsec,2 130 220
khyd,3 [L
2T−1] discharge parameter for Qhyd,3 7.7 770
Emin,3 [L] min storage capacity Hyd 3 75 120
Emax,3 [L] max storage capacity Hyd 3 155 255
α3 [-] quickflow exponent of Hyd 3 0.2 0.7
kis,3 [LT
−1] discharge parameter for Qis,3 0.00025 0.025
ksec,3 [LT
−1] discharge parameter for Qsec,3 0.0015 0.15
Esec,3 [L] activation level for Qsec,3 320 450
3.1.2. Synthetic scenarios
The synthetic model scenarios are generated based on the hydrotope prop-
erties of Hyd 1 to Hyd 3 as implemented for the Kerschbaum spring recharge
area (see Section 3.1.1). This means, that we increase or decrease the space
of one hydrotope at the expense of another one and/or that we completely
replace the properties of one hydrotope with those of another one present in
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the Kerschbaum recharge area. The space of the total recharge area remains
constant in all scenarios. Moreover, we did not change the space covered
by Hyd Q (quarries) and kept its 4% coverage during the model calibration
period from 2006 to 2008. For the evaluation of these scenarios, we generate
synthetic spring discharge time series of each scenario using the calibrated
hydrotope parameters provided by Bittner et al. (2018) (Fig. 2). Together
with the real case scenario, we have a total of four hydrotope models to be
evaluated. All scenarios are summarized in Table 2 and described in detail
in the following:
a)
b)
Figure 2: a) The precipitation and temperature time series measured at the Mitterlug
spring and b) the spring discharge time series of the Kerschbaum spring for the real case
(measured) and the 3 synthetic scenarios.
Scenario 1 (All Hyd 2 with same areas) consists of 3 hydrotopes plus
Hyd Q. In this synthetic hydrotope scenario, all three hydrotopes are assumed
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to have the same properties and parameter ranges as Hyd 2 in the real case
model (see Table 1). This means, we consider all hydrotopes to represent
distinct landscape units with silty to sandy soils of moderate thicknesses.
Moreover, all hydrotopes are even in terms of spatial share, meaning that
each hydrotope covers 32% of the recharge area. From a hydrological point
of view, this scenario leads to a reduced discharge variability as compared
to the real case. Scenario 1 could be implemented considering only one
hydrotope covering 96% of the recharge area. However, our particular aim
of this scenario is to investigate the interactions between model parameters
and observation data in case of homogeneous hydrotope properties with even
areas. We want to see if the active subspace method recognizes that this
scenario has the characteristics of only one hydrotope. Therefore, we expect
that no preference will be given to a specific hydrotope for what concerns
the sensitivity of the hydrotope parameters. We hypothesize that the same
parameters will be similarly informed in all hydrotopes.
Scenario 2 (All Hyd 2) is similar to scenario 1, since all 3 considered
hydrotopes have the same properties and parameter ranges as Hyd 2 in the
real case model. However, those 3 hydrotopes have the same spatial share as
Hyd 1, Hyd 2 and Hyd 3 in the real case scenario, which are 13%, 56% and
27%, respectively. Similar to scenario 1, this change implies a reduction in
discharge variability as can be seen in Fig. 2. However, the reason why the
time series of scenario 1 and 3 do not match is related to the model parameter
lhyd (mean distance of a hydrotope to the spring), which was not modified in
the framework of this study. Our particular purpose here is to investigate how
different spatial coverages affect the sensitivities of the hydrotope parame-
ters, while having the same physical properties in all hydrotopes. Therefore,
we hypothesize that the parameters of the hydrotope with the largest area
coverage (Hyd 2) will be the most sensitive ones and most informed by the
discharge data. Further, we want to compare the results of scenario 2 with
those obtained from scenario 1 to prove the effect of the area coverages of
the hydrotopes on the parameter sensitivities.
In scenario 3 (Real case with different spaces), we maintain the physical
properties and parameter ranges of all hydrotopes as they exist in the real
case LuKARS model for the Kerschbaum spring recharge area. The specific
feature of scenario 2 is that we changed the areas covered by each hydrotope,
leading to the following modifications: Hyd 1 covers 30% (instead of 13%),
Hyd 2 covers 26% (instead of 56%) and Hyd 3 covers 40% (instead of 27%)
of space in the Kerschbaum spring recharge area. These changes lead to a
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more pronounced discharge variability since the space of the most dynamic
hydrotope, Hyd 1, increased significantly. Here, we want to analyse the in-
terdependencies between parameter sensitivities and the specific hydrological
behavior (i.e. discharge variability) a regarded hydrotope displays. We ex-
pect that the parameters of Hyd 1, although it is not the largest hydrotope,
will be most informed by the discharge data because it shows the highest
discharge variability (discharge dynamics). Given the high discharge dynam-
ics displayed by Hyd 1, we assume that its parameters are more sensitive
as compared to those of Hyd 2 and Hyd 3. These results will further be
compared to the real case Kerschbaum model.
Table 2: Overview of the characteristics of the synthetic hydrotope scenarios (1-3) and
the real case (rc).
No. name description area coverage
1 All Hyd 2
with same
areas
Same like scenario 1 but with same
areas covered by each hydrotope
Hyd 1 (32%),
Hyd 2 (32%),
Hyd 3 (32%)
2 All Hyd 2 Physical properties of Hyd 1, Hyd 2
and Hyd 3 are equal to Hyd 2 of the
real case
Hyd 1 (13%),
Hyd 2 (56%),
Hyd 3 (27%)
3 Real case
with different
spaces
Physical properties of all hydrotopes
are like in the real case scenario but
with different areas
Hyd 1 (30%),
Hyd 2 (26%),
Hyd 3 (40%)
rc Real case Original hydrotope properties of
Hyd 1, Hyd 2 and Hyd 3
Hyd 1 (13%),
Hyd 2 (56%),
Hyd 3 (27%)
3.2. Setup of calibration parameters
Since the model parameters for each hydrotope have to meet the inequal-
ity constraints shown in Eq. (16), they are not independent from a statistical
point of view. However, the active subspace framework prefers independent
parameters. Thus, we introduce new synthetic parameters which are called
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calibration parameters from now on. The model parameters, also called phys-
ical parameters, for hydrotope i are khyd,i (discharge parameter for Qhyd,i),
Emin,i (minimum storage capacity Hyd i), Emax,i (maximum storage capacity
Hyd i), αi (quickflow exponent of Hyd i), kis,i (discharge parameter for Qis,i),
ksec,i (discharge parameter for Qsec,i), Esec,i (activation level for Qsec,i), where
the index i = 1, 2, 3 indicates a specific hydrotope. It is worth distinguishing
between the 7 aforementioned model parameters for each hydrotope and the
related calibration parameters described in the following.
We need to introduce three types of non-normalized calibration parame-
ters.
1. The k∗ values are calibrated on a log scale. Therefore, we define
klog∗ = log(k∗) (17)
for each k∗ ∈ {khyd,i, kis,i, ksec,i}, i = 1, 2, 3.
2. For i = 1, 2, 3, since Emin,i ≤ Emax,i, parameter samples for Emax,i would
be dependent on samples Emin,i. Hence, we write Emax,i = Emin,i+∆Ei
for new (non-normalized) calibration parameters ∆Ei. This means that
the parameter Emax,i is ”replaced” by ∆Ei to get back independence.
3. Similar to point 2), the physical constraints from Eq. (16) lead to the in-
troduction of new (non-normalized) calibration parameters that mimic
the difference between values of two successive hydrotopes.
We make sure that these constraints are met and that values are chosen
such that the corresponding model parameters lie in the respective specified
intervals from Table 1. In particular, we write for i = 2, 3
kloghyd,i = k
log
hyd,i,lb + ∆k
log
hyd,(i−1,i)(min{kloghyd,i,ub, kloghyd,i−1} − kloghyd,i,lb),
Emin,i = max {Emin,i−1, Emin,i,lb}
+ ∆Emin,(i−1,i) (Emin,i,ub −max {Emin,i−1, Emin,i,lb}) ,
αi = αi,lb + ∆α(i−1,i) (min {αi,ub, αi−1} − αi,lb) ,
klogis,i = k
log
is,i,lb + ∆k
log
is,(i−1,i)(min{klogis,i,ub, klogis,i−1} − klogis,i,lb),
klogsec,i = k
log
sec,i,lb + ∆k
log
sec,(i−1,i)(min{klogsec,i,ub, klogsec,i−1} − klogsec,i,lb),
Esec,i = max {Esec,i−1, Esec,i,lb}
+ ∆Esec,(i−1,i) (Esec,i,ub −max {Esec,i−1, Esec,i,lb}) ,
(18)
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where lower and upper bounds of each interval for the model parameters
are denoted by subscripts lb and ub specified in Table 1. The parameters
with a triangle (∆) are new calibration parameters, taking values in [0,1]
and replacing corresponding model parameters on the left hand side of the
equal sign. Note that new synthetic parameters were not necessary for the
first hydrotope (i = 1) since there are no differences in value to a preceding
hydrotope.
Eventually, all non-normalized calibration parameters are normalized,
i. e., they are mapped to the interval [-1,1]. The normalized parameters
are denoted with a bar above their name and form the final 21-dimensional
vector x of calibration parameters, i. e.,
x = (k¯loghyd,1, E¯min,1,∆E¯1, α1, k¯is,1, k¯sec,1, E¯sec,1,
∆k¯loghyd,(1,2),∆E¯min,(1,2),∆E¯2,∆α¯(1,2),
∆k¯is,(1,2),∆k¯sec,(1,2),∆E¯sec,(1,2),
∆k¯loghyd,(2,3),∆E¯min,(2,3),∆E¯3,∆α¯(2,3),
∆k¯is,(2,3),∆k¯sec,(2,3),∆E¯sec,(2,3))
> ∈ R21.
(19)
We want to emphasize that the following results, containing parame-
ter sensitivities, are computed w.r.t. the normalized calibration parameters.
However, the interpretations for the original model parameters are still valid.
For example, claiming that α3 is sensitive has a different meaning than say-
ing that α1 is, because α3 can only be chosen dependently on α1 and α2 to
satisfy the inequality constraints from Eq. (16). Hence, sensitivity of α3 ac-
tually means that the difference to α2 (and α1 indirectly) is sensitive which is
exactly what we model with the introduction of synthetic difference parame-
ters denoted with a triangle (4). It is worth mentioning that samples for the
dependent model parameters (gained by translating from the corresponding
samples for calibration parameters), as e. g., α3, are no longer uniformly dis-
tributed, since a sum of uniformly distributed random variables no longer
follows a uniform distribution. This is a consequence of the physically moti-
vated inequality constraints and, hence, acceptable.
The focus of the presented research study lies on investigating the hydro-
tope parameters. Therefore, the discharge coefficient of the baseflow storage,
kb, is used as calibrated in the work of Bittner et al. (2018) and is not in-
cluded in this parameter study. Moreover, the parameter constraints shown
in section 3.1.1 and the described setup only hold for the real case scenario
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and scenario 3. Since scenarios 1 and 2 are implemented based on the proper-
ties of Hyd 2 from the real case, having the same physical characteristics with
different area coverages, there is no need to introduce parameter relationships
between different hydrotopes.
4. Results
The water works Waidhofen a.d. Ybbs indicated a noise level of 5%
for the measured discharge time series of the Kerschbaum spring. Hence,
we considered the same noise level for the synthetic data we generated for
scenario 1 to 3.
4.1. Synthetic scenarios
We show the results of scenario 1 in Fig. 3. Fig. 3a) displays the decay
of the first 9 (out of 21) eigenvalues on a logarithmic scale. The eigenvalue
decay helps to identify spectral gaps that point towards the existence of a
n-dimensional subspace. Although we observe small gaps after the first and
fourth eigenvalue, these gaps are not pronounced enough, and thus do not
point towards the existence of 1-dimensional or 4-dimensional active sub-
spaces. A spectral gap is considered significant if the decay from one eigen-
value to another is about one order of magnitude. Since no significant gap
was identified, we consider all eigenvectors lying within the range of one order
magnitude of the eigenvalue decay (here: 9). The corresponding eigenvec-
tors, including the model parameters that contribute to each eigenvector,
are shown in Fig. 3b). The 21 components of each vector represent the 21
calibration parameters of the model. The model parameters associated with
each component of the calibration parameter vector ~x are indicated in Table
1. Each hydrotope is characterized by 7 independent parameters. Therefore,
the components 1-7 are inherent to Hyd 1, the components 8-14 represent
Hyd 2 and the components 15-21 Hyd 3. Loosely speaking, the model param-
eters that appear in the eigenvectors corresponding to the highest eigenvalues
are most informed by the measured discharge data and suggest high param-
eter sensitivities in the respective directions of the parameter space. It is
interesting to see that all hydrotope parameters of Hyd 1 - Hyd 3 appear in
the first eigenvector (Fig. 3b). Moreover, the more pronounced parameter
contributions in eigenvector 1 are attributed to the same parameters in each
hydrotope, which are the khyd, kis and ksec parameters (parameters 1, 5, 6, 8,
11, 12, 15, 19 and 20). The same pattern can be observed when looking at
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Figure 3: Results of the active subspace method applied to scenario 1 of the Kerschbaum
spring LuKARS model. a) The eigenvalue decay with respect to the first 9 eigenvectors.
b) The parameter sensitivities of all 21 calibration parameters. c) The first 9 eigenvectors
of the 21-dimensional parameter space.
19
all shown eigenvectors, where the k∗ parameters of the three hydrotopes are
dominant. Moreover, all hydrotopes are similarly informed by the discharge
data. The parameters contributing most to the 9 eigenvectors also appear
as the most sensitive parameters in the global sensitivity metrics (Fig. 3c).
Comparable to the parameters having pronounced contributions in the first
eigenvector, the most sensitive parameters in scenario 1 are the khyd, kis and
ksec parameters of Hyd 1 to Hyd 3.
Next, the results of scenario 2 are shown in Fig. 4. Here, we can observe
a pronounced spectral gap after the third eigenvalue, indicating the possible
existence of a 3-dimensional active subspace (Fig. 4a). When focusing on
Fig. 4b), we see that the parameters of Hyd 2 contribute most to the first
three eigenvectors. Especially in the first eigenvector, all Hyd 2 parameters
show up, out of which parameter 8 and 12, being the khyd and kis parameter,
are most pronounced. A small contribution of parameter 13 (ksec of Hyd 2)
can be observed in the first three eigenvectors. While only some parameters
of Hyd 1 and 3 appear with small contributions in the first eigenvector, we can
identify a dominating contribution of parameter 19 (kis) in eigenvector 2 and
3. Those findings are in good agreement with the global sensitivity metrics
in Fig. 4c). This suggests that the parameters of Hyd 2 are most sensitive
in scenario 2, followed by a pronounced sensitivity of the kis parameter of
Hyd 3.
The results of scenario 3 are plotted in Fig. 5. The eigenvalue decay,
shown in Fig. 5a), does not show a pronounced spectral gap, indicating that
no active subspace can be found in the presented scenario. Therefore, simi-
larly to scenario 1, we focus on all eigenvectors located within the range of
one order of magnitude of the eigenvalue decay (here: 5). In contrast with
scenario 2, the contributing parameters in the dominant eigenvectors are re-
lated to Hyd 1 (Fig. 5b). However, parameters 12 and 19 also appear with a
significant contribution in these eigenvectors. Parameter 19 has the largest
contribution in eigenvector 1. The most pronounced parameter contribu-
tions of Hyd 1 are attributed to parameter 1 and 3, which are the khyd and
Emax parameters. A similar pattern can be observed in the global sensitivity
metrics in Fig. 5c), where the highest parameter sensitivity is assigned to
parameter 19. Furthermore, we can observe that all parameters of Hyd 1 are
sensitive, out of which the sensitivities of parameters 1, 3, and 5 (khyd, Emax
and kis) are most pronounced. Parameter 12 is the most sensitive parameter
of Hyd 2.
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Figure 4: Results of the active subspace method applied to scenario 2 of the Kerschbaum
spring LuKARS model. a) The eigenvalue decay as related to the first 9 eigenvectors. b)
The parameter sensitivities of all 21 calibration parameters. c) The first 3 eigenvectors of
the 21-dimensional parameter space.
4.2. Real case
Finally, we show the results of the active subspace method applied to
the real case scenario of the Kerschbaum spring LuKARS model in Fig. 6.
Spectral gaps after the first and fourth eigenvalue (Fig. 6a) are considered
indicative for the presence of 1-dimensional and a 4-dimensional active sub-
spaces. In this regard, we recognize a large contribution of parameters 5,
12, and 19 to the first three eigenvectors (Fig. 6b). These represent the kis
parameters of Hyd 1, Hyd 2, and Hyd 3. Also, we can identify a ranking
between the related hydrotopes of these parameters in the first eigenvector.
This ranking shows a decreasing order of the kis parameters from Hyd 2 to
Hyd 1 to Hyd 3. In contrast, parameters 1, 8, and 15, having a remark-
able contribution in eigenvectors 2 to 4, show a different ranking pattern.
These parameters are related to khyd of Hyd 1 - Hyd 3 and have a decreas-
ing eigenvector contribution from Hyd 1 to Hyd 2 to Hyd 3. It should be
21
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Figure 5: Results of the active subspace method applied to scenario 3 of the Kerschbaum
spring LuKARS model. a) The eigenvalue decay as related to the first 9 eigenvectors. b)
The parameter sensitivities of all 21 calibration parameters. c) The first 5 eigenvectors of
the 21-dimensional parameter space.
noted that parameter 15 only has a small contribution in eigenvector 3 and
4. Another notable parameter group is related to parameters 6, 13, and 20,
representing the ksec parameters of Hyd 1 - Hyd 3. Like the khyd parameters,
the ksec parameters show up in eigenvectors 2 to 4 with similar contributions
in Hyd 1 and Hyd 2 (parameters 6 and 13) and with a minor contribution
in Hyd 4 (eigenvector 4). The global sensitivity metrics obtained from the
active subspaces are shown in Fig. 6c). It highlights that the kis parameters
of all hydrotopes are the most sensitive parameters in the real case scenario.
Further sensitive parameters are the khyd parameters of Hyd 1 and Hyd 2
and the ksec parameters of Hyd 1 - Hyd 3, thus reflecting the parameter
contributions found in the first 4 eigenvectors.
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Figure 6: Results of the active subspace method applied to the real case scenario of the
Kerschbaum spring LuKARS model. a) The eigenvalue decay as related to the first 9
eigenvectors. b) The parameter sensitivities of all 21 calibration parameters. c) The first
4 eigenvectors of the 21-dimensional parameter space.
In Fig. 7a), we show the measured discharge time series and the 0.25 to
0.75 quantile band as a result of 1000 forward model runs using random sam-
ples of the posterior distribution found by Teixeira Parente et al. (2019). The
calibration period was from 01/2006 to 12/2008 and the validation period
from 01/2009 to 12/2009. We observe that the uncertainty band obtained
from the 4-dimensional subspace is well-centered around the observed time
series. Further, we plot the specific quickflow contributions (Qhyd) and the
specific interstorage discharge (Qis, groundwater recharge) originating from
each hydrotope in Fig. 7b) and Fig. 7c), respectively. We observe that
Hyd 1 has the highest variability of specific discharge when looking at the
quickflow and the recharge. Moderate discharge dynamics were found for
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Table 3: Results of the active subspace method applied to the three synthetic scenarios
(1-3) and the real case (rc).
No. spectral gap sensitive param-
eters
parameters in rele-
vant eigenvectors
1 no spectral gap, eigenvectors con-
sidered over one order of magni-
tude of eigenvalue decay
khyd, kis and ksec
of all hydrotopes
khyd, kis and ksec of
all hydrotopes
2 spectral gap after third eigenvalue khyd, kis and ksec
of Hyd 2 and kis
of Hyd 3
khyd, kis and ksec of
Hyd 2 and kis of
Hyd 3
3 no spectral gap, eigenvectors con-
sidered over one order of magni-
tude of eigenvalue decay
khyd, Emax and
kis of Hyd 1, kis
of Hyd 2 and 3
khyd, Emax and kis
of Hyd 1, kis of
Hyd 2 and 3
rc spectral gap after fourth eigen-
value
kis of all hy-
drotopes, khyd of
Hyd 1
kis of all hydro-
topes, khyd of Hyd 1
Hyd 2. The specific discharge contributions of Hyd 3 are low and do not
show a considerable variability.
Furthermore, we want to investigate if the posterior found by Teixeira Par-
ente et al. (2019) for the 4-dimensional subspace during the calibration period
(2006 to 2008, Table 4.2) is able to reproduce the hydrological impacts of the
increased area of the dolomite quarries that occured after the year 2009.
Bittner et al. (2018) found that this land use change provoked a decrease of
the mean spring discharge in the Kerschbaum spring. Therefore, we plot the
uncertainty bands (0.25 - 0.75 quantile) for the forward simulations when
considering and when not considering land use change in Fig. 8. Given that
the measured time series included considerable data gaps from 2010 to 2013,
it was not possible to validate the model results for the entire time series.
However, when considering three distinct periods (20/06 - 09/07/2010, 18/01
- 26/04/2012, and 16/09 - 31/12/2013), we were able to validate the model
results for high and low flow periods. Regarding the model not considering
this land use change (8), we can observe that the measured time series is
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calibration
a)
c)
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measured discharge
validation
Figure 7: Modeling results of LuKARS using 1000 random samples of the posterior from
the 4-dimensional active subspace model of the Kerschbaum recharge area derived by
Teixeira Parente et al. (2019). a) The 0.25 - 0.75 quantile band of the 1000 forward
runs and the observed discharge of the Kerschbaum spring for the calibration (01/2006 -
12/2008) and the validation period (01/2009 - 12/2009). b) and c) The specific quickflow
contributions and the specific recharge from each single hydrotope, respectively, using the
parameters of the mean of the push-forward run distribution.
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Table 4: Posterior means and standard deviations of the physical parameters found by
Teixeira Parente et al. (2019) for the LuKARS model of the Kerschbaum spring recharge
area.
No. phys. par. mean std.
1 khyd,1 3.07× 102 2.34× 102
2 Emin,1 29.86 11.57
3 Emax,1 44.49 12.90
4 α1 1.17 0.26
5 kis,1 5.18× 10−2 3.98× 10−3
6 ksec,1 0.17 0.22
7 Esec,1 47.78 12.95
8 khyd,2 70.62 55.81
9 Emin,2 60.46 11.27
10 Emax,2 1.20× 102 16.14
11 α2 0.82 0.21
12 kis,2 4.52× 10−3 1.61× 10−4
13 ksec,2 2.03× 10−2 3.23× 10−2
14 Esec,2 1.76× 102 25.99
15 khyd,3 25.94 21.75
16 Emin,3 95.71 14.18
17 Emax,3 2.06× 102 20.23
18 α3 0.43 0.14
19 kis,3 6.35× 10−4 1.69× 10−5
20 ksec,3 6.21× 10−3 1.07× 10−2
21 Esec,3 3.85× 102 37.48
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Figure 8: 0.25 - 0.75 quantile bands obtained from 1000 forward runs of the 4-dimensional
active subspace model when considering the increase of the dolomite quarries to 7% of
spatial share in the Kerschbaum recharge area (blue quantile band) and when not consid-
ering it (red quantile band). The quantile bands are shown for three distinct periods in
a) 2010, b) 2012 and c) 2013.
mostly closer to the 0.25 quantile than to the 0.75 quantile. So, the uncer-
tainty band of this model mainly overestimates the measured time series. In
contrast, we can observe that the model including the increased dolomite
quarries is well centered around the measured discharge time series.
5. Discussion
5.1. Synthetic scenarios
In scenario 1, our aim was to investigate the simplest hydrotope setting
having three hydrotopes with equal properties and the same area coverage.
The specific objective was to see if the active subspace method identifies
this hydrotope equality by showing that all hydrotopes and their parameters
are similarly informed by the data. In fact, regarding the results shown in
Fig. 3b), we can verify that the parameters of each hydrotope are similarly
informed with only negligible variations. In particular in the first eigenvec-
tor, the contributions of all 7 hydrotope parameters are similar between all
hydrotopes. Moreover, the gaps observed in the eigenvalue decay (Fig. 3a)
are not significant, suggesting that no low-dimensional subspace exists in the
proposed scenario. This is due to the fact that all hydrotopes have the same
properties in terms of their physical characteristics as well as their area cov-
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erage. Given this similarity, there are no significant directions in which the
parameters of one hydrotope are more informed than others.
Our interest when generating scenario 2 was to confirm the conclusions
drawn from scenario 1 and to investigate what happens if we have three hy-
drotopes with the same phyiscal properties but with different area coverages.
The parameters appearing in the relevant eigenvectors (eigenvector 1 - 3, Fig.
4b) are related to the hydrotope covering the largest area in this synthetic
scenario, Hyd 2. Hence, the area covered by each hydrotope directly affects
how the measured discharge data (here the synthetic discharge time series of
scenario 2, see Fig. 2) informs the parameter space of LuKARS. The most
informed paramters are kis and khyd of Hyd 2 as well as kis of Hyd 3. This
fact is further confirmed by the global sensitivity metrics shown in Fig. 4c),
where the mentioned parameters appear as the most sensitive ones. The
reason why the k∗ parameters are most sensitive is that they constrain the
amount as well as the variability of the three types of hydrotope discharges
(Qhyd, Qis and Qsec). Therefore, to reduce the data misfit function, it is
important that the discharge components of the largest hydrotopes approxi-
mate the evaluation data as good as possible. Scenario 2 highlights that the
active subspace method is able to identify the impact of the area covered by
a hydrotope on the spring discharge.
We generated scenario 3 to investigate with the active subspace method
how the physical properties of each hydrotope affect the parameter sensitivi-
ties. Although Hyd 1 is not the largest hydrotope in terms of area coverage,
its parameters show the largest contributions in the relevant eigenvectors
(Fig. 5b). This can be related to the dynamic discharge behavior, i.e. dis-
charge variability, it reflects due to its physical properties. Hyd 1, as in
the real case, has shallow soils and a coarse-grained soil texture, thus show-
ing quick and variable discharge responses to precipitation and melt events.
Moreover, it is interesting to observe that parameter 19 is more sensitive
than parameter 1. Parameter 19 is kis of Hyd 3 and constrains the water
transfered from the hydrotopes to the linear baseflow storage. We argue that
kis of Hyd 3 has the highest sensitivity because Hyd 3 is the largest hydrotope
in this scenario (covering 40% of the entire recharge area). Considering that
the baseflow storage (Eb) is controlled by two discharge coefficients, kb and
kis, as well as that kb was not included in the active subspace framework,
kis of Hyd 3 considerably controls the discharge variability of the baseflow.
Parameter 1 (khyd of Hyd 1), in contrast, constrains the quickflow from the
hydrotope with the most variable discharge behavior and hence accounts for
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simulating the discharge variability of the (synthetic) spring discharge. In
conclusion, our findings highlight that the active subspace method is able to
identify the relation between discharge data and i) the model structure, ii)
the area of a hydrotope and iii) the physical properties of a catchment.
5.2. Real case
The parameters appearing in the first eigenvector of the real case example
(Fig. 6b) are the kis parameters of each hydrotope. Similar to the results
of scenario 3, we argue that kis of Hyd 2 has the highest contribution in the
first eigenvector because Hyd 2 is the largest hydrotope in the catchment
(covering 56% of the entire recharge area) and its kis parameter controls
the dynamics of the baseflow. This area dependence, however, cannot be
observed when looking at kis of Hyd 1 and 3. Although Hyd 3 covers more
space in the recharge area, the eigenvector contribution of kis from Hyd 1
is higher than this of Hyd 3. The reasons for that can be found in the
hydrophysical properties of these hydrotopes and the resulting more dynamic
discharge behavior of Hyd 1 (i.e. discharge variability) as compared to Hyd 3.
From a hydrological point of view, Hyd 3 has the highest storage capacity
and the most fine-grained soil texture, leading to a better water retention
capacity. This causes that the discharge processes originating from Hyd 3,
i.e. Qhyd and Qis, are attenuated and more homogeneous as compared to
Hyd 1 and Hyd 2 (see Fig. 7b for Qhyd and Fig. 7c for Qis of each hydrotope).
Hence, the discharge data does not inform the discharge parameters of Hyd 3
as much as those of Hyd 1 and Hyd 2. It concludes that Hyd 1 plays a more
significant role in matching the observed discharge dynamics as compared to
Hyd 3. The same effect is also highlighted in eigenvectors 3 and 4, where
khyd of Hyd 1 is more pronounced as compared to khyd of Hyd 3.
Generally, the way the hydrotope parameters are informed by spring dis-
charge data with respect to the physical properties of and the area covered
by a hydrotope is indicative about the robustness of the hydrotope approach.
It highlights that, although the model is lumped and not physically based,
the hydrotopes parameters can be inferred by discharge observations and
a physical explanation can be found by their sensitivities. In addition, it
shows that the active subspace method can be used to investigate model
structure uncertainties since its results are affected by the characteristics of
an investigated catchment (here: the hydrotope properties).
As shown by Teixeira Parente et al. (2019), the prior intervals of those pa-
rameters contributing to the dominant eigenvectors are most constrained by
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the discharge data. In our case, the results tell us that the prior distribution
of the kis parameters (see Table 1) becomes most constrained by the mea-
sured discharge in the Kerschbaum spring (see standard deviations in Table
4.2). Hence, the parameter uncertainties of those parameters contributing
to the dominant eigenvectors can be most reduced. Moreover, the points
discussed can further be validated by the global sensitivity analysis shown in
Fig. 6c): we can see that kis of Hyd 2 is the most sensitive parameter of the
model. As discussed for the first eigenvector, this fact is plausible, since kis of
Hyd 2 constrains the discharge contribution to the baseflow storage and the
baseflow itself. The results of the sensitivity analysis further confirm that
the parameters responsible for simulating the higher discharge dynamics of
Hyd 1 (kis and khyd) are more sensitive than the k∗ parameters of Hyd 3,
although Hyd 3 covers larger areas in the catchment as Hyd 1. We can in-
terpret that linear combinations of the parameters present in the relevant
eigenvectors (they show the dominant directions over which an active sub-
space can be spanned) are highly sensitive. Given this information about the
sensitive parameter directions (eigenvector information) as well as that we
can compute a global sensitivity metrics from the approximated eigenpairs
(see section 2.3), we argue that the active subspace helps finding a physical
explanation of the parameter sensitivities.
Using 1000 random samples of the posterior from the 4-dimensional sub-
space derived by Teixeira Parente et al. (2019), we can observe that that the
uncertainty band (0.25-0.75 quantile band, Fig. 7) adequately matches the
observed time series. Furthermore, the hydrotope-specific discharge contri-
butions, as displayed by Qhyd and Qis in Fig. 7b) and c), reflect the expected
discharge variability with respect to the physical properties of each individ-
ual hydrotope. Hence, the active subspace method recognizes catchment-
specific characteristics when identifying the most informed parameter direc-
tions. When it comes to the simulation of land use changes, we can identify
that the 4-dimensional subspace model is able to capture the hydrological
impacts of the increase of the area used for dolomite mining. We draw this
conclusion since the uncertainty band obtained from the model considering
that land use change is well-centered around the measured time series (see
Fig. 8). These facts emphasize that using samples of the identified active
subspaces leads to acceptable model results yet reducing the 21-dimensional
to a 4-dimensional problem. Moreover, the model result uncertainties of the
reduced parameter space model (represented by the quantile band) are small
with respect to the mean discharge of the Kerschbaum spring (< 10%). All
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in all, our results highlight the applicability of the proposed methodology for
parameter dimension reduction and uncertainty quantification.
6. Conclusion
In this work, we applied the active subspace method to the LuKARS
rainfall-discharge model Bittner et al. (2018) for four different scenarios
(three synthetic and a real case), all with a 21-dimensional parameter space.
Therefore, we provided a framework in which we adapt the physical model
parameters of LuKARS to make the active subspace method applicable for
the model while maintaining the physical constraints between each hydro-
tope. Our aim was to investigate how much each parameter of the model
is informed by the discharge data and how different model setups affect the
results of the active subspace analysis. We found that both the relative
area covered by a defined hydrotope and its discharge variability can have a
major impact on parameter sensitivities and on how model parameters are
informed by discharge data. In particular, the scenarios with no or minor
variations of the catchment characteristics, i.e. scenario 1 and 2, show that
model parameters are similarly informed by data. For these scenarios, we
found that the area covered by a hydrotope has the largest impact on how
model parameters are informed. In contrast, the scenarios with more marked
differences of the catchment properties, i.e. scenario 3 and the real case, show
pronounced differences in parameter sensitivities. We highlight that the hy-
drological behavior, i.e. the discharge variability of a hydrotope, can play a
more significant role than the area coverage in informing a model parameter.
This relationship is strongly related to how much the measured discharge
signal depends on the discharge variability of a regarded hydrotope. In total,
we found that the discharge coefficients (k∗ parameters) were the most sen-
sitive parameters in all scenarios. Using three different synthetic hydrotope
scenarios of the Kerschbaum springshed, we highlighted the potential of us-
ing the active subspace method for investigations related to model structure
and model parameter uncertainties. Given the different ways how different
hydrotopes and their parameters are informed by the discharge data, the
results of the active subspace method provide evidence that the hydrotope-
based modeling approach is robust, although having a 21-dimensional pa-
rameter space in the real case scenario (Kerschbaum recharge area, Austria).
Based on the 0.25 - 0.75 quantile band obtained from 1000 randomly sampled
forward runs, we showed that the calibrated model based on the identified
31
4-dimensional subspace is able to reasonably reproduce the measured dis-
charge of the Kerschbaum spring. Also, the 4-dimensional subspace model
is able to simulate the impacts of the land use changes which occured in the
Kerschbaum recharge area, highlighting the general applicability of LuKARS
for land use change impact studies.
In conclusion, our results provide valuable indications for the application
of the active subspace method to other lumped karst aquifer models. We
suggest to apply the active subspace method to other lumped karst aquifer
models with different representations of karst systems. Considering different
model structures, it is worth investigating which parameters can be effectively
calibrated given a set of observations. This can help to reduce model output
uncertainties and to potentially justify using a lumped parameter model with
a high-dimensional parameter space.
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